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Abstract. Problem statement. Forecasting and analyzing groundwater dynamics under anthropogenic impact on
aquifers is a pressing issue. This task arises when designing drainage systems for flooded areas, designing water intakes
from underground sources, the impact of waste disposal sites on the movement of groundwater, and water leakage from
water supply and sewage systems. Anthropogenic impact can affect both groundwater (unconfined aquifers) and
confined aquifers. Technogenic impact can occur through a system of wells, leakage of effluents from landfills,
infiltration of precipitation, and irrational irrigation. Solving this type of problem requires the use of multifactorial
filtration models. The purpose of the article. To conduct a comprehensive analysis of mathematical models in
groundwater dynamics problems and to identify their advantages and disadvantages. Conclusions. The analysis showed
that the modern approach to solving groundwater dynamics problems is to use multidimensional filtration equations that
take into account changes in the groundwater level (or hydrodynamic pressure in the confined aquifer) over time. These
modeling equations take into account water infiltration into underground horizons. The boundary conditions of the
modeling filtration equations that ensure the correct formulation of the boundary problem are considered. It is shown
that the formulation of specific groundwater dynamics problems (drainage, operation of water intake wells, etc.) is
implemented in models by setting “internal” boundary conditions. Applied problems are analyzed where models of
unconfined and confined groundwater flow can be used.

Keywords: groundwater dynamics; drainage; underground waste disposal; water supply from underground
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Awnoranisi. Ilocmanoseka npoonemu. AXTyaabHOIO TPOOIEMOIO € MPOTHO3YBAHHS Ta aHAII3 AUHAMIKH MiI3eMHUX
BOJ IIPH AHTPOIOTEHHOMY BIUIMBY Ha BOJOHOCHI ropu3oHTH. [laHa 3ajada BHHHKAe IIPU NPOCKTYBaHHI CHUCTEM
JIpeHaXy MiATOIUICHUX TEPUTOPiH, MPOEKTyBaHHI BOJ03a00pPIB 3 MiA3EMHUX JKEpel, BIUIMBY IOJITOHIB BiIXOIIB Ha
PEXUM PYXY MIA3EMHHX BOJ, BUTOKY BOJM C CHCTEM BOJOIIOCTAYaHHS Ta KaHaNi3alii. AHTPOIOreHHE HaBaHTa)KCHHS
Moxe OyTH sIK Ha IPyHTOBI Bomo (Oe3HaIlipHUI BOJOHOCHUI TOPU3OHT) TaK 1 Ha HamipHI BOJOHOCHI TOPH30HTH.
TexHOoreHHUI BIUTMB MOXKE 3IIHCHIOBATHCS Kpi3b CHCTEMY CBEPUIOBHH, BUTOKY CTOKIB 3 MOJIrOHIB, iH(iLIBTpamii
OTIa/IiB, HEpalliOHAJIBHOI'O 3pOLIyBaHHsS. PillleHHs Takoro kiacy 3aiad noTpeOye BHKOPUCTaHHs OaraTro(akTOpHHX
Mojeneil insrpanii. Mema po6omu. POBECTH KOMIUISKCHUI aHai3 MaTeMaTHYHHX MOJENEH B 3ajadax AMHAMIKH
MiI3eMHUX BOJ Ta BU3HAYMTH IX IepeBard Ta HEAONIKU. Bucmoeku. IlpoBenenuii aHaii3 1mokaszaB, IO CYYacHHM
IMiIXOZ0M TpH pPIllIeHH] 3a7a4 AWHAMIKM IJI3€MHUX BOJ € BUKOPUCTAaHHS 0araTOBUMIPHHMX DIBHSHB (inbTpamii, oo
BpPaxOBYIOTh 3MiHY piBHS I'PYHTOBUX BOI (200 TiApOIWHAMIYHOTO HANOPY B HAMIPHOMY BOJOHOCHOMY TOPH3O0HTI) 3
gacoM. JlaHI MOJENMOI0YN PIBHSHHS BPaXxOBYIOTH iH(UIBTpAIlifo BOOW B MiA3EMHI TOPU3OHTH. PO3TIIIHYTO KpanoBi
YMOBH MOJICNIOIOYUX PIBHSAHD (inbTpallii, mo 3abe3medyioTs KOpEeKTHY IMOCTaHOBKY KpaioBoi 3amaui. [lokaszano, mo
(dhopMyrOBaHHA KOHKPETHHX 3aJad AWHAMIKK MiA3EMHHX BOI (ApeHaX, poOOTa CBEpPAJIOBUH CHUCTEMH BOI03a00py
TOII0) PeaNi3yloThCS B MOJEIAX [IUIIXOM 3aJaHHS «BHYTPIIIHIX» TpaHUYHUX yMOB. [IpoaHainizoBaHi NpHKIagHi 3a1a4i,
JIe MOJKYTh OYTH BHKOPHCTaHI MOJIeNi pyXy O€3HaImipHOTO Ta HAPHOTO MiA36MHOTO MOTOKY.

KarouoBi ciioBa: ounamixa niozemHux 600; OpeHaxc, niO3eMHA YMuaizayis 6i0x00ie; 6000NOCMA4aHHs.
3 ni03eMHO020 Odcepena; Mamemamuyne MoOent08anHs

Introduction. An important practical task  to have quick-calculation mathematical models
is the study of groundwater dynamics under  that allow for the rapid determination of the
various types of technogenic load. For practice,  depth of groundwater, the amount of water, and
it is important to know: the hydrodynamic pressure in the aquifer under

1) the change in groundwater regime  anthropogenic influence. It should also be noted
during the operation of drainage systems in  that the method of physical modeling also plays
flooded areas; an important role in the field of groundwater

2) the change in groundwater dynamics  dynamics research: based on the data from
during the underground disposal of industrial ~ physical experiments, a number of parameters
waste and the filtration of water from landfills  (coefficient of filtration, porosity, etc.) are

into the underground aquifer; determined, which are necessary for conducting
3) the change in the depth of the aquifer,  computational experiments.

hydraulic pressure during the operation of wells Analysis of publications. The problem of

in water supply systems. modeling groundwater dynamics is discussed in

It should be emphasized that due to the the scientific works of many authors [1-9].
specifics of the tasks of this class (the  These works consider the use of empirical
impossibility of seeing the movement of  models, analytical and numerical models in
groundwater), an important task is the  geomigration tasks. However, for practice, it is
development of  mathematical ~models.  very important to have a systematic material
Mathematical models can be used to predict  regarding existing models of groundwater
changes in the dynamics of groundwater when  dynamics, their areas of application,
operating drainage systems, constructing  advantages, and disadvantages.
hydraulic structures, designing water supply The purpose of the article is to conduct a
systems, etc. For practice, it is very important ~ comprehensive analysis of mathematical
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models in groundwater dynamics tasks and to
determine their advantages and disadvantages.
Research results. Conducting physical
experiments in the field of groundwater
dynamics requires significant time. Therefore,

considerable attention is paid to the
development of mathematical modeling
methods. These methods have obvious
advantages:

1. Significantly lower economic costs
compared to physical experiments.

2. The ability to quickly obtain the

necessary forecast data regarding the 'behavior'
of the object.

3. The availability of well-developed tools
for mathematical modeling of filtration and
geomigration processes.

4. When conducting physical experiments,
the researcher cannot 'look in' and see how the
pollution zone forms in the underground flow
(unlike, for example, the formation of pollution
areas from industrial discharges), but the use of
mathematical modeling allows for the
'visualization' of the shape and intensity of
pollution areas in the underground flow.

5. Mathematical modeling allows for the
rapid response of groundwater to changes in
various parameters: for example, to predict how
the level of groundwater pollution will change
with an increase in well discharge, etc. This is
very important, especially during the design
phase.

Within  the scientific  direction of
'mathematical modeling’, the following types of
models can be distinguished:

1. Empirical models. This is a group of
models that are mainly used for quick solutions
to filtration and mass transfer problems. These
models take the form of simple algebraic
formulas. When constructing empirical models,
data from field observations and results from
physical experiments are used.

Advantages of empirical models:

1) simplicity of computational
dependencies (the computational formulas do
not contain special functions, such as Bessel
functions, no integrals, etc.).

2) there is no need to use a computer for
applying the models.
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3) high-qualified personnel are not required
for the practical application of models of this
class.

Disadvantages of empirical models:

1) models can only be applied to the
conditions under which the experimental data
were obtained, on the basis of which the
empirical model was created; applying these
models to other conditions requires scientific
justification.

2) models use a limited number of physical
parameters for calculations, so these models do
not allow for a sufficiently complete picture of
the geomigration process (for example, they do
not allow for determining the intensity and
shape of the pollution area in the underground
flow).

3) models may contain parameters that
have no physical meaning (how can these
parameters be verified then?).

It should be emphasized that empirical
models are used in practical calculations to
determine some parameters of geomigration
(for example, the dispersion coefficient).

Within  the framework of modern
requirements for the quality of predictive
information, the use of empirical models to
solve multifactorial geomigration problems is
impractical.

2. Analytical models. Analytical models in
filtration and mass transfer problems are a
powerful research tool. Analytical models are
computational dependencies that are exact
solutions to the equations of filtration or mass
transfer. Various mathematical integration
methods are used to obtain such computational
dependencies: the method of conformal
mappings, the Fourier method, the method of
potential flows, etc.

Based on analytical models, a wide range
of filtration problems has been solved that arise
in the design of hydraulic structures, drainage
systems, anthropogenic contamination of
groundwater, soil salinization, etc.

Advantages of analytical models:

1) since these models are the “exact”
solution to the geomigration problem or the
filtration problem, they are an ‘“undeniable”
mathematical result.
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2) an analytical model can be used to verify
numerical models.

3) for a number of cases (for example,
modeling the operation of a well), the models
allow obtaining a satisfactory solution to a real
applied problem.

4) models can be wused to solve the
“inverse” problem — to determine, for example,
the intensity of the source of anthropogenic
pollution based on experimental data.

5) models can be used to study the
“importance” of the influence of a particular
physical parameter on the process of filtration
and geomigration.

6) models can be applied to solve complex
real problems in the absence of sufficient input
information at the beginning of the research.

7) obtaining a solution to a predictive
problem based on an analytical model, in many
cases, does not require the use of a computer.

Disadvantages of analytical models:

1) the computational dependency may
contain special functions and integrals, which
significantly ~ complicates the  practical
application of the model.

2) a certain level of user qualification is
required.

3) the area of application of analytical
models is significantly limited. This is due to
the fact that an analytical solution to filtration
and geomigration problems can only be
obtained by using significant simplifications in
the formulation of the problem, for example, by
considering only one-dimensional flow. This
significantly narrows the range of practical
applications of models of this class.

3. Numerical models. Numerical models
[10-12] are created by applying various
approximate (numerical) methods for solving
boundary  problems of filtration and
geomigration. When solving filtration and
geomigration  problems, the  following
numerical integration methods for modeling
equations are most commonly used:

1) finite difference methods;

2) finite element method;

3) complex boundary element
(numerical-analytical method).

The use of numerical models in practice is
referred to as “numerical modeling”.

method
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A feature of numerical models is that their
application necessarily requires a computer,
that is, to apply a numerical model, it is
necessary to develop computer code (a program
for calculations on a computer). This code is a
tool in the scientific research conducted.
Therefore, users of numerical models are
divided into the following groups:

1. Users who cannot develop numerical
models and create computer codes based on
them, therefore they use ready-made software
products, that is, commercial codes (for
example, COMSOL code).

2. Users who use commercial codes but can
independently develop a computer program that
allows them to “refine” the result obtained
using the commercial code for a specific
situation (for example, a self-developed code
that additionally calculates the risk of suffusion
in a specific area of groundwater movement).

3.Users who independently develop
numerical models and create computer codes
based on them (author codes).

In the practice of solving geomigration
problems, commercial codes such as
MODFLOW and COMSOL are widely used,
which implement numerical models of filtration
and geomigration.

Advantages of numerical models:

1. The ability to take into account a
significant number of physical factors that
influence the formation of pollution halos
during modeling.

2. A wide working range (the ability to
model the dynamics of groundwater and
geomigration  processes in  pressurized
groundwater flows, unpressurized, etc.).

3. Significantly less time to
predictive data compared to field studies.

4. The model can be used to solve the
'inverse' problem — to determine, for example,
the intensity of a source of anthropogenic
pollution based on experimental data.

Disadvantages of numerical models and
commercial codes:

1. When using commercial codes, the user
must have a license to use the commercial code
in scientific research (i. e., the user must
undergo official training).

obtain



VkpaiHcbKkuii )xypHan OyaiBHHLTBa Ta apxitektypu, Ne 4 (028), 2025, ISSN (print) 2710-0367, ISSN (online) 2710-0375

2. Commercial codes are oriented towards
solving a specific class of problems within a
particular mathematical model, boundary
conditions, and grid. The user cannot
independently configure the commercial code
to solve a different class of problems.

3.In areas with a large gradient of
functions, commercial codes may ‘fail’,
meaning that a solution cannot be obtained.

4. High cost of licensed commercial codes.

5. High qualification of the user is required.

It should be noted that the application of
numerical modeling is currently a major trend
in solving geomigration problems.

For analyzing the dynamics of groundwater
(unpressurized mode), the following equation is
used:

2 2
L

= (W+W]+
+> WS (X—X,)3(y-Y,),

where h — depth of flow; k — coefficient of
filtration; u — water yield; hm — average depth of
flow; Wi — intensity of mineralized water
supply to the i-th well; xi, yi — coordinates of the
well.

Modeling the dynamics of underground
flow is carried out in an area that has a
rectangular shape. For equation (1) of the
dynamics of unpressurized groundwater
movement, the following boundary conditions
are implemented:

1. At t = 0, the depth of the underground
flow in the study area is set.

2. At the boundary where the flow enters
the study area, the depth value h = hi is set,
where hz is the known depth of flow.

3. At the boundary where the flow exits the
study area, the depth value h = hz is set, where
hz is the known depth of flow.

4. On the lateral sides of the computational
area, a boundary condition is implemented,
where n is the unit vector of the outward
normal to the boundary.

The components of the underground flow
velocity are determined based on Darcy's law:

oh ~ oh @)

u=-k—,v=—-k—,
OX oy

1)
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where k — coefficient of filtration.

Numerical methods are used for the
numerical solution of the modeling equation
(D).

It should be noted that equation (1) can be
used to solve the following problems:

1. Determining the depth of flow when the
drainage system is operating; in this case,
where the well is located that provides
groundwater pumping, the depth corresponding
to the specific flow rate of the well is set;

Another approach is to set the flow rate W
at the location of the well.

2. Analyzing the dynamics of groundwater
during the infiltration of contaminated effluents
from waste landfills into the aquifer;

3. Studying the regime of groundwater
during underground waste disposal.

For analyzing the dynamics of pressurized
groundwater, the following equation is used:

10H (oH? oH?

— = —+— |+

a, ot ( ox: oy’ ]

+ZWi5(X—Xi)5(y— yi)’

where an — the piezoconductivity coefficient
(according to V. Shchelkachov); H
hydrodynamic pressure; Wi — intensity of
mineralized water supply to the i-th well;
Xi, Yi — coordinates of the well.

Modeling the dynamics of pressurized
underground flow is carried out in an area that
has a rectangular shape. For equation (3) of the
dynamics  of  pressurized  groundwater
movement, the following boundary conditions
are implemented:

1. At t = 0, the hydrodynamic pressure in
the study area is set.

2. At the boundary where the flow enters
the study area, the value H = Hz is set, where
H1 is the known hydrodynamic pressure.

3. At the boundary where the flow exits the
study area, the value H = Hz is set, where Hz is
the known hydrodynamic pressure.

4. On the lateral sides of the computational
area, a boundary condition is implemented,
where n is the unit vector of the outward
normal to the boundary.

3)
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The components of the velocity vector of
the underground flow are calculated based on
Darcy's law.

Numerical methods are used to solve the
modeling equation (3). For example, numerical
integration of the modeling equation (3) is
implemented in the commercial package
MODFLOW.

It should be noted that equation (3) can be
used in solving the following problems:

1. Determining the hydrodynamic pressure
during the operation of the water intake; in this
case, where the well is located, the piezometric
pressure is set, or the well discharge W is
specified.

2. Analysis of groundwater dynamics
during underground waste disposal. In this
case, where the well is located through which

the discharge is made, the piezometric pressure
is set.

Conclusions

1. An analysis of fundamental models of
groundwater dynamics has been carried out;
their advantages and disadvantages have been
identified.

2. Multifactor equations of groundwater
movement and boundary conditions of the
modeling equations of filtration are presented,
ensuring the correct formulation of the
boundary problem.

3. Applied problems have been analyzed
where models of unconfined and confined
groundwater flow can be used.

4. This scientific direction should be further
developed in the field of developing fast-
calculating numerical models for analyzing
groundwater dynamics.
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